In this paper, we generalize Medos-Wang's arguments and results on the mean curvature flow deformations of symplectomorphisms of CP n in [22] to complex Grassmann manifold G(n, n+m; C) and compact totally geodesic Kähler-Einstein submanifolds of G(n, 2n; C) such as irreducible Hermitian symmetric spaces SO(2n)/U (n) and Sp(n)/U (n) (in the terminology of [11, p. 518]). We also give an abstract result and discuss the case of complex tori.
Introduction
Recall that a symplectic manifold (M, ω) is said to be Kähler if there exists an integrable almost complex structure J on M such that the bilinear form g(X, Y ) = X, Y := ω(X, JY ) defines a Riemannian metric on M . The triple (ω, J, g) is called a Kähler structure on M , g and ω are called a Kähler metric and a Kähler form, respectively. Such a Kähler manifold is called a Kähler-Einstein manifold if the Ricci form ρ ω ≡ ρ g of g satisfies ρ ω = cω for some constant c ∈ R. For a Kähler manifold (M, J, g, ω) let Symp(M, ω) and Aut(M, J) denote the group of symplectomorphisms of the symplectic manifold (M, ω) and the group of biholomorphisms of the complex manifold (M, J), respectively. Their intersection is equal to the group of isometries of the Kähler manifold (M, J, g, ω), I(M, J, g) := {φ ∈ Aut(M, J) | φ * g = g}.
Without special statements we always assume that M is closed (i.e. compact and boundaryless) and connected throughout this paper. It is well-known that Symp(M, ω) is an infinite dimensional Lie group whose Lie algebra is the space of symplectic vector fields. A lot of symplectic topology information of (M, ω) is contained in Symp(M, ω). (See beautiful books [4, 12, 21, 25] for detailed study). On the other hand I(M, J, g) is a finite dimensional Lie subgroup of Symp(M, ω). Hence in order to understand topology of Symp(M, ω), e.g. its homotopy groups, it is helpful to study the topology properties of the inclusion I(M, J, g) ֒→ Symp(M, ω).
To the author's knowledge, the first result in this direction was obtained by Smale [27] , who proved that there exists a continuous strong deformation retraction from Symp(S 2 , ω FS and ω (n) FS denote, up to multiplying a positive number, the Fubini-Study metric and the associated Kähler form on the complex projective spaces CP n respectively, and i is the standard complex structure on CP n . Recently, Jiayong Li and Jordan Alan Watts [16] strengthened this result. They constructed a strong deformation retraction from Symp(S 2 , ω
FS ) to SO(3) which is diffeologically smooth.
In his famous paper [9] Gromov invented a powerful pseudo-holomorphic curve theory to study symplectic topology and got the following important results:
• For any two area forms ω 1 and ω 2 on CP 1 with CP 1 ω 1 = CP 1 ω 2 , Symp(CP 1 × CP 1 , ω 1 ⊕ ω 2 ) contracts onto
FS ⊕ g FS and ω 2 = bω (1) FS for nonzero a, b ∈ R).
• Symp(CP 2 , ω
FS ) contracts onto I(CP 2 , i, g
FS ) ([9, §2.4.B ′ 3 ]). Since Symp(S 2 , ω (1) FS = 1 and λ = 1, so far some deep results were made by Abreu [1] , Abreu and McDuff [2] , Anjos and Granja [3] and others following an approach suggested by Gromov [9, §2.4.C 2 ]. A different direction generalization of Smale's theorem is to study the topology properties of the inclusion Symp(M, ω) ֒→ Diff(M, ω). Using the parameterized Gromov-Witten invariant theory, Lê and Ono [14] , and Seidel [26] FS ) ⊂ Diff(P mn ) are not surjective for odd numbers k ≤ max{2m − 1, 2n − 1}. This gave the first examples of symplectic manifolds of dimension > 4 for which the map π 1 (Symp) → π 1 (Diff) is not surjective. In particular, this result implies that rank(cokerβ 1 ) ≥ 2 for m = n = 1, which can also be derived from the above Gromov's first result. (See McDuff's survey [20] for recent developments).
In past ten years a new method (mean curvature flow (MCF) method) to the above question was developed by Mu-Tao Wang [33, 34, 35, 36, 37, 31, 22] and Smoczyk [29] . For compact Riemann surfaces they obtained the desired results (cf. [36, 37, 29] ). Recently Ivana Medos and Mu-Tao Wang [22] applied the MCF to deform symplectomorphisms of CP n for each dimension n, and obtained a constant Λ 0 (n) ∈ (1, +∞] only depending on n ∈ N, (see (3.7) for its definition), such that any Λ-pinched symplectomorphism of CP n with (This is obtained from [22, (3.11) ] when Λ 1 in [22, (3.10) ] is replaced by Λ.) Then Λ ′ n = Λ 0 (n) if Λ = Λ 1 (n) by the proof of [22, Cor.5] . By Cartan's classification, in addition to two exceptional spaces E 6 /(Spin(10) × SO(n + 2)) and E 7 /(E 6 × SO (2)), all irreducible Hermitian symmetric spaces of compact type have the following form of four types (in the terminology of [11, p. 518 
]):
U (n + m)/U (n) × U (m), n, m ≥ 1, SO(2n)/U (n), n ≥ 2, Sp(n)/U (n) n ≥ 2, SO(n + 2)/SO(n) × SO(2), n ≥ 3.
They are, respectively, holomorphically equivalent to (cf. [7] ):
• G I (n, n + m) = G(n, n + m; C) the complex Grassmann manifold consisting of the (n − 1)-dimensional, complex projective linear subspaces CP n−1 of the complex projective (n + m − 1)-space CP n+m−1 ;
• G II (n, 2n) the complex analytic submanifold of G(n, 2n; C) consisting of all the (n − 1)-dimensional, complex projective linear subspaces CP n−1 that lie in a nonsingular quadric hypersurface Q 2n−2 (C) in CP 2n−1 ;
• G III (n, 2n) the complex subvariety of G(n, 2n, C) consisting of all the (n − 1)-dimensional, complex projective linear subspaces CP n−1 ⊂ CP 2n−1 , all of whose projective lines are contained in a general (i.e., nonsingular) linear complex. In terms of homogeneous coordinates in CP 2n−1 , it is represented by the m-dimensional, complex vector subspaces of the vector space C 2n , that are totally isotropic with respect to a nonsingular, alternating bilinear form on C 2n ;
• G IV (1, n + 1) the nonsingular, n-dimensional, complex quadric hypersurface Q n ⊂ CP n+1 , and real-analytically isomorphic to the real Grassmann manifold G + (2, n, R) of oriented, real projective lines in RP n+1 .
They have complex dimensions mn, n(n − 1)/2, n(n + 1)/2, n, respectively. Let h and h I be the canonical Kähler metrics on G(n, n + m; C) and G I (n, 2n), respectively. Both G II (n, 2n) and G III (n, 2n) are totally geodesic submanifolds of (G I (n, 2n), h I ). Denote by h II and h III the induced metrics on G II (n, 2n) and G III (n, 2n), respectively. Theorem 1.1 Let ω be the Kähler form corresponding with the canonical metric h on G(n, n + m; C), g = Re(h) and J the standard complex structure. Then for every Λ-pinched symplectomorphism ϕ ∈ Symp(G(n, n + m; C), ω) with Λ ∈ [1, Λ 1 (mn)] \ {∞} the following holds:
(i) The mean curvature flow Σ t of the graph of ϕ in G(n, n + m; C) × G(n, n + m; C) exists for all t > 0.
(ii) Σ t is the graph of a symplectomorphism ϕ t for each t > 0, and ϕ t is Λ ′ mn -pinched along the mean curvature flow, where Λ ′ mn is defined by (1.2).
(iii) ϕ t converges smoothly to a biholomorphic isometry of (G(n, n + m; C), J, g) as t → ∞.
Consequently, each such Λ-pinched symplectomorphism ϕ ∈ Symp(G(n, n + m; C), ω) is symplectically isotopic to a biholomorphic isometry of (G(n, n + m; C), J, g).
) be a compact Kähler-Einstein submanifold of (G(n, n+ m; C), h) which is totally geodesic (e.g. (G II (n, 2n), h II ) and (G III (n, 2n), h III ) are such submanifolds of (G I (n, 2n), h I )). Set dim M = 2N . Then for every Λ-pinched symplectomorphism ϕ ∈ Symp(M, ω) with Λ ∈ [1, Λ 1 (N )] \ {∞} the following holds:
(i) The mean curvature flow Σ t of the graph of ϕ in M × M exists for all t > 0.
(ii) Σ t is the graph of a symplectomorphism ϕ t for each t > 0, and ϕ t is Λ ′ N -pinched along the mean curvature flow, where Λ ′ N is defined by (1.2). (iii) ϕ t converges smoothly to a biholomorphic isometry of (M, J, g) as t → ∞.
Consequently, each such Λ-pinched symplectomorphism ϕ : (M, ω) → (M, ω) is symplectically isotopic to a biholomorphic isometry of (M, J, g).
Recall that a complex torus of complex dimension n is the quotient space T n = C n /Γ, where Γ is a lattice in C n generated by 2n vectors {u 1 , · · · , u 2n } in C n which are linearly independent over R. It has a natural flat Kähler metric induced from the flat metric of C n . By Bieberbach theorem ([8, page 65]), any compact flat Kähler manifold is holomorphically covered by a complex torus ([5, Example 2.60]). From this and Calabi-Yau theorem it follows that any compact Kähler manifold M with the first and the second (real) Chern class vanishing must be (holomorphically) covered by a complex torus ( [5, Cor. 11.27] ). Unfortunately, for complex tori we cannot obtain the corresponding result with (iii) of Theorems 1.1 and 1.2 yet though other conclusions are proved under the weaker pinching condition. Theorem 1.3 Let (M, ω, J, g) and ( M ,ω,J,g) be two real 2n-dimensional compact Kähler-Einstein manifolds of constant zero holomorphic sectional curvature. Then for every Λ-pinched symplectomorphism ϕ : M → M with Λ ∈ (1, Λ 0 (n)) there hold:
(i) The mean curvature flow Σ t of the graph of ϕ in M × M exists smoothly for all t > 0;
(ii) Σ t is the graph of a symplectomorphism ϕ t for each t > 0, and ϕ t is still Λ 0 (n)-pinched along the mean curvature flow.
, where Λ 1 > 1 is a constant determined by Λ 1 and n (see Lemma 4.2) , then the flow converges to a totally geodesic submanifold of M × M as t → ∞. (In addition we have
, where δ Λ 1 is defined by (3.6)).
It is easily seen that the convergence assertion in Theorem 1.3 cannot be derived from [35, Theorem B] . Moreover, it was pointed out in [34, Remark 8.1 ] that when M is locally a product of two Riemannian surfaces of nonpositive curvature the uniform convergence of the flow can also be proved with the method in [36] .
It is possible to generalize the above three theorems to a larger class of manifolds--compact homogeneous Kähler-Einstein manifolds. (See Theorem 5.1). Recall that a Kähler manifold (M, ω, J, g) is called homogeneous if I(M, J, g) acts transitively on M . In particular, a simply-connected compact homogeneous Kähler manifold is called a Kähler C-space in [32] (or a generalized flag manifold). However, except the manifolds contained in the three theorems above we do not find an example satisfying the conditions of Theorem 5.1.
In this paper we follow [13] to define the curvature tensor R of a Kähler manifold (M, ω, J, g) by
The paper is organized as follows. In Section 2 we review differential geometry of Grassmann manifolds, the key Proposition 2.3 seems to be new. Section 3 is our technical core, where we study evolution along the mean curvature flow under different pinching conditions for different cases. In Section 4 we prove Theorems 1.1, 1.2 and 1.3. Finally, Section 5 gives a general result under stronger assumptions as a concluding remark. the GL(n; C)-orbit of A in M (n, n + m; C). Any representative matrix B of [A] is called a homogeneous coordinate of the point [A] . For increasing integers 1 ≤ α 1 < · · · < α n ≤ n + m let {α n+1 , · · · , α n+m } be the complement of {α 1 , · · · , α n } in the set {1, 2, . . . , n + m}. Write A ∈ M (n, n + m; C) as A = (A 1 , · · · , A n+m ) and
where A 1 , · · · , A n+m are n × 1 matrices. Define
We call Z the local coordinate of [A] ∈ G(n, n + m; C), and
the canonical atlas on G(n, n + m; C) ( [15, 17, 39] ). There exists a unique (up to multiplying a nonzero real constant) metric h on G(n, n + m; C) which is invariant under the action of the group of motions in G(n, n + m; C) (cf. [15] ). It is the pullback of the Fubini-Study metric on P(∧ n C n+m ) by the Plücker embedding from G(n, m; C) to P(∧ n C n+m )). It is well-known (e.g. [17, 18] ) that this metric in the local chart
where Z ′ and dZ ′ are the conjugate transposes of Z and dZ respectively, Tr denotes the trace, and
It is Kähler-Einstein. If a (real) tangent vector T at the point Z ∈ U 1···n is represented by their component matrices, i.e., we identify
with complex matrices T = (T kl ) ∈ C n×m , where
. By [39, (4) ]), the curvature tensor R Z of g at Z has the expression
Here as above the left is a real tangent vector and the right is the corresponding complex matrix representation of it. Let p 0 ∈ U 1···n has coordinate Z(p 0 ) = 0. Then
for any tangent vectors in T p 0 G(n, n + m; C) as in (2.2), T i , i = 1, 2, 3, 4, which are identified with complex matrices (T kl i ) ∈ C n×m , i = 1, 2, 3, 4. It follows that the sectional curvature sits between 0 and 4, and that the holomorphic sectional curvature of G(n, n + m; C) at the point p 0 ∈ U 1···n in the direction T is given by 
and others be defined similarly. Then
for all 1 ≤ i, j, k, l ≤ n and 1 ≤ α, β, γ, δ ≤ m. These and their complex conjugates are all component types different from zero.
Proof. By (2.1), for h = 2∂∂Φ(Z), where Φ(Z) = 
(See also [7, page 493] ). From this and the arguments on the pages 155-159 of [13] , it follows that the curvature tensor at Z = 0 is given by
for all 1 ≤ i, j, k, l ≤ n and 1 ≤ α, β, γ, δ ≤ m. Moreover, from the Bianchi identity and the fact that the curvature tensor R of Kähler manifold is of type (2, 2) it is not hard to derive that R iα,jβ,kγ,hδ = R iα,hδ,kγ,jβ = −R iα,hδ,jβ,kγ for all 1 ≤ i, j, k, l ≤ n and 1 ≤ α, β, γ, δ ≤ m. These and their complex conjugates are all component types different from zero. ✷ Consider the non-degenerate alternating (resp. symmetric) bilinear form J n (resp. Σ n ) on C 2n represented by the matrix J n = 0 I n −I n 0 (resp. Σ n = 0 I n I n 0 )
in Euclidean coordinate on C 2n . Then G II (n, 2n) (resp. G III (n, 2n)) is the set of complex n-planes V in C 2n such that Σ n | V = 0 (resp. J n | V = 0). Following [17, 18, 19] we have also more convenient matrix representations of the Hermitian symmetric spaces G II (n, 2n), G III (n, 2n) and G IV (1, n + 1) corresponding with the matrix definition of the complex Grassmann manifolds:
They are the compact duals (or extended spaces) of the classical domains D II n , D III n and D IV n as G(n, n + m; C) is that of D I n,m (cf. [17, 18, 19] ). Let h I be the canonical Kähler metric on G I (n, 2n), which in the coordinate chart U α 1 ···αn is given by ∂∂ ln det(I + ZZ ′ ). h I induces a Kähler metric h II on G II (n, 2n) which in the induced coordinate system
is given by
with Z ∈ C n×n and Z = −Z ′ ; moreover h I induces a Kähler metric h III on G III (n, 2n) which in the induced coordinate system
with Z ∈ C n×n and Z = Z ′ . Let h FS be the Fubini-Study metric on CP n+1 , which is given by 
the metric h IV has the following expression (cf. [17] )
All irreducible symmetric spaces of compact type have positive holomorphic sectional curvatures (cf. [6, 7, 17] ). As in (2.5) the following explicit expressions come from [17] too. Under the above coordinate charts their holomorphic sectional curvatures are
where the tangent vector
Let R I denote the curvature tensor of the metric h I = ∂∂ ln det(I + ZZ ′ ) on
for all 1 ≤ i, j, k, l, α, β, γ, δ ≤ n. These and their complex conjugates are all component types different from zero. Denote the curvature tensors of (G II (n, 2n), h II ) and (G III (n, 2n), h III ) by R II and R III , respectively. Note that at Z = 0 the local coordinate systems (U 1···n , Z) on G(n, 2n; C) and (2.6)-(2.8) are normal coordinates (or complex geodesic coordinates) for the metrics h I , h II and h III . (In fact, (G II (n, 2n), h II ) and (G III (n, 2n), h III ) are totally geodesic submanifolds of (G I (n, 2n), h I ), see the claim on the page 136 of [24] and the proof of Lemma 1 on the page 85 of [24] ). By (2.13) we have Proposition 2.2 At Z = 0 the curvature tensors R II and R III are the restrictions of R I , that is,
Now we consider (G IV (1, n + 1), h IV ). By (2.12) the Kähler potential function Φ(Z) = 1 2 ln(1 + |ZZ ′ | 2 + 2ZZ ′ ) has the following power series expansion
are normal coordinates, the curvature tensor at Z = 0 is given by
for all 1 ≤ i, j, k, l ≤ n. In particular we get
An expected local coordinate chart
Let J be the standard complex structure on G(n, n + m; C).
is a unit orthogonal base of (T p G(n, n + m; C), g p ). To our knowledge the following result seems to be new. It is key for us completing the proofs of Theorems 1.1, 1.2.
Proposition 2.3
For any p ∈ G(n, n + m; C) and a unitary base of (T p G(n, n + m; C), J p , g p ),
there exists a local chart around p on G(n, n + m; C),
In this chart the metric h and g = Re(h) are given by (2.1) and (2.3), respectively;
Proof. Since the isometry group of the Kähler manifold (G(n, n+m; C), h), I(G(n, n+ m; C), h) = SU (n + m), acts transitively on (G(n, n + m; C), h), for any p ∈ G(n, n + m; C) there exists a τ ∈ I(G(n, n + m; C), h) such that τ (p 0 ) = p. Clearly, we get a coordinate chart around p on G(n, n + m; C),
Since τ is a Kähler isometry, using (2.1) one easily shows that the metric h in this chart is given by
It follows that the Riemannian metric g = Re(h) is given by
for real tangent vectors T 1 , T 2 at W ∈ τ (U 1···n ),
which are identified with complex matrices (T kl 1 ), (T kl 2 ) ∈ C n×m , respectively. Define vectors
is a unitary base of (T p G(n, n + m; C), J p , g p ), there exists a unique real matrix Θ such that
The matrix Θ must have form A B −B A , where A, B ∈ R nm×nm is such that A + iB is a unitary matrix (which is equivalent to
Note that (2.17) is equivalent to
Recall that the tensor product or Kronecker product of matrices A = (a ij ) ∈ C n×m and B = (b ij ) ∈ C p×q is a (np × mq)-matrix given by
Define matrices a = (a ij ), b = (b ij ) and
. It follows from (2.18) that there exist unitary matrices R ∈ C n×n and S ∈ C m×m such that
Moreover, the first equality in (2.19) implies
From the local chart (τ (U 1···n ), W ) in (2.16), we define a new chart
By [18, page 364, (6)] we get
Writing G = Φ(W ) and
That is, the coordinate chart in (2.20), U → C n×m , q → G(q), satisfies
It remains to prove that the transformation
preserves the Kähler metric
on C n×m . In fact, since
Hence the coordinate chart in (2.20) satisfies the desired requirements. ✷ Corollary 2.4 For any p, q ∈ G(n, n + m; C), let
be unitary bases of (T p G(n, n + m; C), J p , g p ) and (T q G(n, n + m; C), J q , g q ), respectively. Consider the sequence u 1 , · · · , u 2nm whose all odd (resp. even) terms are given by
for any α, β, γ, δ ∈ {1, · · · , 2nm}.
Proof. This can be directly derived from Propositions 2.1, 2.3. We here give another proof of it with (2.4). Let (U , Z) be a local chart around p as in (2.15) . Then 
respectively, where the first index (k, l) means that 1 is in the k-th row and l-th array of the matrix and similarly for other indexes in the sequel. Clearly, the tangent vectors 
are Hermitian subspaces of (T p G(n, n+ m; C), h p ) and (T q G(n, n + m; C), h q ), respectively, we may extend {a 1 , · · · , a 2N } and
equal to the restriction of R to M . Hence the desired conclusion follows from (2.22) .
(Of course it may also be obtained from Proposition 2.2 for (G II (n, 2n), h II ) and (G III (n, 2n), h III )). ✷ Let (U , Z) be the local chart around p on G(n, n + m; C) as in Proposition 2.3.
Consequently, for S (k,l) and T (s,t) in (2.23) we get the sectional curvatures
Proof. Since the only possible non-vanishing terms of the curvature components are of the form R iα,jβ,kγ,hδ and those obtained from the universal symmetries of the curvature tensor, a direct computation leads to
where the final equality comes from Proposition 2.1. So we get
Similarly we may obtain
Evolution along the mean curvature flow
Preliminaries
For convenience we review results in Section 2 of [22] . A real 2N -dimensional Hermitian vector space is a real 2N -dimensional vector space V equipped with a Hermitian structure, i.e. a triple (ω, J, g) consisting of a symplectic bilinear form ω : V ×V → R, an inner product g and an complex structure J on V satisfying g = ω•(Id×J). A Hermitian isomorphism from (V, ω, J, g) to another Hermitian vector space ( V ,ω,J ,g) of real 2n dimension is a linear isomorphism L : V → V satisfying: LJ =JL, L * ω = ω and L * g = g. Proposition 1 and Corollary 2 in Section 2.1 of [22] can be summarized as follows.
gives rise to a Hermitian isomorphism from (V, ω, J, g) to ( V ,ω,J ,g). Moreover, there exists an unitary basis
(and hence an unitary basis of ( V ,ω,J ,g),
The matrix representations of J andJ under them are all
where λ 2i−1 λ 2i = 1 and
Remark 3.2 From the arguments in [22] one can also choose the
Let (M, ω, J, g) and ( M ,ω,J,g) be two real 2N -dimensional Kähler-Einstein manifolds, and let π 1 : M × M → M and π 2 : M × M → M be two natural projections. We have a product Kähler manifold (M × M , π
and let Σ t be the mean curvature flow of Σ in M × M .
Denote by Ω := π * 1 ω N , and by * Ω the Hodge star of Ω| Σt with respect to the induced metric on Σ t by G. Then * Ω is the Jacobian of the projection from Σ t onto M , and * Ω(q) = Ω(e 1 , · · · , e 2N ) for q ∈ Σ t and any oriented orthogonal basis {e 1 , · · · , e 2N } of T q Σ t . The implicit function theorem implies that * Ω(q) > 0 if and only if Σ t is locally a graph over M at q.
Since L * L is a positive definite matrix, by the above arguments one can choose a holomorphic local coordinate system
(ii) The complex structure J p is given by the matrix J 0 in (3.1) with respect to the base
) with respect to these basis, where
There exists a Hermitian vector space isomorphism
such that under the orthogonal basis of (T ϕt(p) M ,g ϕt(p) ),
is also given by the matrix J 0 in (3.1).
By the choose of basis, we have
For j = 1, · · · , N , set
Then by (ii) above it holds that
, and let J rs := g(Ja s , a r ). It follows that
, let
They form an orthogonal basis of T q (M × M ), and
and 
where
are, respectively, the coefficients of the curvature tensors R and R with respect to the chosen bases of T p M and T f (p) M as in Proposition 3.1.
that is, the smallest eigenvalue of Q at λ, and for Λ ∈ [1, ∞) let 
Clearly, δ λ is continuous in λ, and [1, ∞) ∋ Λ → δ Λ is nonincreasing. They imply Λ 0 (N ) > 1. Note that δ Λ ′ > 0 for every Λ ′ ∈ [1, Λ 0 (N )). Indeed, by the definition of supremum we have a Λ ∈ (Λ ′ , Λ 0 (N )) with δ Λ > 0. So δ Λ ′ ≥ δ Λ > 0. In addition, (3.5) and (3.6) imply
. Hence we get:
be the the quadratic form defined in Proposition 3.3. Then for the constant Λ 0 (N ) ∈ (1, +∞] in (3.7), which only depends on 2N = dim M , Q(λ i , h jkl ) is nonnegative whenever
The case of Grassmann manifolds
Let ϕ : M = G(n, n + m; C) → M = G(n, n + m; C) be a Λ-pinched symplectomorphism and Σ = Graph(ϕ). For (p, ϕ t (p)) ∈ Σ t , let a j , j = 1, · · · , nm, be the chosen unitary base of (T p G(n, n + m; C), J p , g p ) as in Proposition 3.1. Then
are, respectively, the coefficients of the curvature tensors R and R with respect to the chosen unitary bases of T p G(n, n + m; C) and T ϕt(p) G(n, n + m; C).
From Corollary 2.4 it follows that
Let (U , Z) be the local chart around p on G(n, n + m; C) as in Proposition 2.3. The final two equalities in Proposition 2.6 show
for k = 1, · · · , nm. Then (3.11) can be written as R e (k−1)m+l , f (s−1)m+t , e (k−1)m+l , f (s−1)m+t −R e (k−1)m+l , e (s−1)m+t , e (k−1)m+l , e (s−1)m+t = 4δ ks δ lt (3.13)
for any 1 ≤ k, s ≤ n and 1 ≤ l, t ≤ m. Clearly, this is equivalent to R(e i , f j , e i , f j ) − R(e i , e j , e i , e j ) = 4δ ij (3.14)
for 1 ≤ i, j ≤ nm. Now for M = M = G(n, n + m; C), by (3.10) we may rewrite the second term in the big bracket of (3.4) as follows: 
Here |II| is the norm of the second fundamental form of Σ t .
Recall that
Then ǫ(mn, Λ) > 0 and Λ(mn, ǫ) > 1. Lemmas 5 and 6 in [22] 
From these and Proposition 3.5 we may repeat the proofs of Proposition 4 and Corollary 5 in [22] to obtain the following generalization of them.
Proposition 3.6 For some T > 0 let [0, T ) ∋ t → Σ t be the mean curvature flow of the graph Σ of a symplectomorphism ϕ : G(n, n + m; C) → G(n, n + m; C), where G(n, n + m; C) is equipped with the unique (up to × nonzero factor) invariant Kähler-Einstein metric. Let * Ω(t) be the Jacobian of the projection π 1 : Σ t → G(n, n+m; C). Suppose for some Λ ∈ (1, Λ 0 (nm)) that
Then along the mean curvature flow * Ω satisfies
where δ Λ is given in (3.6), and so min Σt * Ω is nondecreasing as a function in t and Σ t is the graph of a symplectomorphism ϕ t : G(n, n + m; C) → G(n, n + m; C). In particular, if ϕ is Λ-pinched for some Λ ∈ (1, Λ 1 (mn)] \ {∞}, then each ϕ t is Λ ′ mn -pinched along the mean curvature flow, where Λ ′ mn is defined by (1.2). (Note:
Remark 3.7 Let (M, ω, J, g) be a compact totally geodesic Kähler-Einstein submanifold of (G(n, n + m; C), h) (e.g. (G II (n, 2n), h II ) and (G III (n, 2n), h III ) are such submanifolds of (G(n, 2n; C), h I )), dim M = 2N . By Corollary 2.5 we immediately obtain corresponding results with Propositions 3.5 and 3.6.
The case of flat complex tori
The following proposition is actually contained in the proof of Corollary 3 of [22, p.320] . We still give its proof. 
Proof . With the choice of bases of T p M and T f (p) M , (we shall suppress | p in ∂ ∂x r | p and ∂ ∂y r | p , r = 1, · · · , n for simplicity), it is easily computed that
into the above equalities we get
if (i, k) = (2r − 1, 2s − 1) or (i, k) = (2r, 2s), and
and that the nonzero components of the Riemannian curvature in the complex local system z 1 , · · · , z n are exactly R ijkl and Rī jkl . Moreover,
on the Kähler manifolds of constant holomorphic sectional curvature c (by Proposition 7.6 of [13, p. 169]). From (3.17) we derive
This shows that
Plugging into (3.4) yields
✷
As in the proof of [22, §3, Cor.4] , from this and Proposition 3.4 we immediately get the following result.
Proposition 3.9
Under the assumptions of Proposition 3.8, for any Λ ∈ [1, Λ 0 (n)) it holds that
From now on we shall assume c = 0. In this case we can improve the pinching condition. 
Here [0, T ) is the maximal existence interval of the mean curvature flow, and T > 0 or T = ∞.
Proof. Since λ i , i = 1, · · · , are singular values of a linear symplectic map, we have
(See Lemma 3 of [22] ). So the question is reduced to prove
We shall use the method in [31, Section 4] and [30] to prove this. Let a j , j = 1, · · · , n be as in Proposition 3.3 with N = n. Set
) and e 2n+i = 1
Identifying the tangent space of M × M with T M ⊕ T M , let π 1 and π 2 denote the projection onto the first and second factors in the splitting. Then
Let us define the following parallel symmetric two-tensor S by
for any X, Y ∈ T (M × M ), where Ξ > 0 is a parameter determined later. Then
for i, j, r = 1, · · · , 2n, and the matrix S = (S kl ) 1≤k,l≤4n can be written in the block form
, · · · ,
. So
A is positive definite on Σ t if and only if Λ
Obverse that e 1 , · · · , e 2n forms an orthogonal basis for the tangent space of Σ t . As in [31, Prop.3.2] , the pullback of S to Σ t satisfies the equation for i, j = 1, · · · , 2n, where ∆ is the rough Laplacian on 2-tensors over
e j , J e k ), and R kikα = R(e k , e i , e k , e α ) is the component of the curvature tensor R of (M × M , G) with J and G = π * 1 g + π * 2g as in Section 3.1. Consider the 2n × 2n matrix (S ij ) := (S(e i , e j ) 1≤i,j≤2n . By (3.19) we only need to prove
This can be directly derived from the following analogue of [31, Lemma 4.1]. ✷ Proposition 3.11 Let x n+i = y i , i = 1, · · · , n, and g ij = g(
. For any given ǫ > 0, there exists a parameter Ξ > 0 such that the condition (T ij ) := (S ij ) − ǫ(g ij ) > 0 is preserved along the mean curvature flow.
Proof : Let α = 2n + µ and β = 2n + ν, µ, ν = 1, · · · , 2n. As in [31] , (3.20) yields
Let N ij denote the right hand side of (3.21) . 
for any null eigenvector V of the matrix (T ij ), then the fact that (T ij ) ≥ 0 at t = 0 implies that (T ij ) ≥ 0 on [0, T ), i.e. Proposition 3.11 holds. By a direct computation we only need to prove that at t = 0
for any null eigenvector V = (V 1 , · · · , V 2n ) of the matrix (T ij ). It is easily estimated that
Here in the first inequality we used the facts
and
and the second one comes from the inequality
So the first sum in the right side of (3.22) becomes
for any null eigenvector V of the matrix (T ij ). But this is obvious because (M × M , G) is flat and hence R = 0. ✷ From Propositions 3.9, 3.10 we immediately obtain the following strengthen analogue of Proposition 3.9.
Proposition 3.12 For some T > 0 let [0, T ) ∋ t → Σ t be the mean curvature flow of the graph Σ of a symplectomorphism ϕ : M → M , where M and M are Kähler-Einstein manifolds of constant holomorphic sectional curvature 0. Let * Ω(t) be the Jacobian of the projection π 1 : Σ t → M . For the constant Λ 0 (n) in (3.7) and any
along the mean curvature flow, where δ Λ is given in (3.6). In particular, min Σt * Ω is nondecreasing as a function in t. Using Propositions 3.5 and 3.6 (resp. Remark 3.7) and almost repeating the arguments in §3.3, §3.4 of [22] we can complete the proof of Theorem 1.1 (resp. Theorem 1.2).
Proof of Theorem 1.3 4.2.1 The long-time existence
Embedding M × M into some R N isometrically, as in [22] the mean curvature flow equation can be written as d dt F (x, t) = H = H + V in terms of the coordinate function F (x, t) ∈ R N , where H ∈ T Σt (M × M )/T Σ t and H ∈ T Σt R N /T Σ t are the mean curvature vectors of Σ t in M × M and R N , respectively, and V = −II M (e a , e a ). Suppose by a contradiction that there is a singularity at space time point (y 0 , t 0 ) ∈ R N × R. Let dµ t denote the volume form of Σ t , and let
be the backward heat kernel of ρ (y 0 ,t 0 ) at (y 0 , t 0 ). Under our present assumptions, as in [22, page 328] we can still use Proposition 3.12 to derive the corresponding inequality of [22, page 328] , that is,
Then the expected long-time existence can be obtained by repeating the remain arguments on the pages 328∼330 of [22] .
The convergence
Let ϕ : M → M be a Λ-pinched symplectomorphism with Λ ∈ (1, Λ 0 (n)). Take an arbitrary Λ 1 ∈ (Λ, Λ 0 (n)).
Lemma 4.1 (Djokovic inequality):
. The following lemma is key for us.
Lemma 4.2 For every
Its proof will be given at the end of this section. By the assumption of Theorem 1.3 we have Λ 1 ∈ (Λ, Λ 0 ) such that Λ < Λ 1 . Fix this Λ 1 below. By Proposition 3.12 we have
From [34, Section 7] we also know that
where R is the curvature tensor and ∇ is the covariant derivative of the ambient space, s = 2n + s. Now on one hand
where the first inequality comes from
This and (4.5)-(4.6) lead to
We hope to prove that max Σt |II| 2 → 0 as t → ∞. To this goal, for positive numbers k, l, s determined later let us compute the evolution equation of
and hence
+(the last three terms).
Note that the Cauchy-Schwarz inequality implies
Take s = 1 we obtain 
We put off its proof. Then (4.9) becomes
By Claim 4.3, K 1 < 0 and
Consider the initial value problem
The unique solution of it is given by y(t) = y(0)
1−y(0)K 1 t . By (4.11)-(4.12) the comparison principle for parabolic equations yields
Since (4.3) implies that the function
is bounded away from zero, we derive
The desired claim is proved. 
sits between 
that is, the first inequality in (4.10). Similarly, the second inequality in (4.10) follows from (4.2). Claim 4.3 is proved. ✷ Proof of Lemma 4.2. For conveniences we set τ := τ (Λ) = Λ + 1 Λ , which is larger than 2 because Λ > 1. Since
we may fix a small ǫ > 0 such that
Set α = More precisely, such a l satisfies
Hence we can always take k = k l > 0 such that
By the Djokovic inequality
2) holds if k > 0 and l > 0 are chosen to satisfy
or equivalently
Hence we can take l > 0 to satisfy (4.15) and (4.18) if
Since the function (1, ∞) → R, Λ → Λ + 1 Λ is strictly increasing, log τ 2 → 0 + as Λ → 1 + . Hence for a given
there exists the largest Λ 
Moreover α 0 ≈ 1.238756 and g(α 0 ) ≈ 0.141446.
, where Λ
is determined by
or more precisely
This completes the proof of Lemma 4.2. ✷ In summary the proof of Theorem 1.3 is complete.
A concluding remark
Carefully checking the proofs of Theorems 1.1, 1.2 we find that our real 2n-dimensional compact Kähler-Einstein manifolds (M, ω, J, g) all satisfy the following three conditions (A), (B) and (C): (A) The curvature tensor R is constant on subbundle
In other words, for any p, q ∈ M and any unit orthogonal bases of (T p M, J p , g p ) and
If (M, ω, J, g) is also homogeneous, this is equivalent to the following weaker (A') For any p ∈ M and any unit orthogonal bases of (
(C) The holomorphic sectional curvature is positive, i.e. ∃ c 0 > 0 such that
for any unit vector u ∈ T M . By Propositions 2.1, 2.2 and Corollaries 2.4, 2.5, the manifolds (G(n, n+m; C), h), and (G II (n, 2n), h II ) and (G III (n, 2n), h III ) satisfy these conditions. On the other hand, from (2.14) we see that (G IV (1, n + 1), h IV ) does not satisfy the condition (B) though the condition (C) holds for it. Actually, in addition to irreducible Hermitian symmetric spaces of compact type, there also exist countably Kähler C-spaces associated with a complex simple Lie algebra of classical type that have positive holomorphic sectional curvature.
We may obtain the following theorem, which generalizes Theorems 1.1, 1.2, but partially contains 1.3. (ii) Σ t is the graph of a symplectomorphism ϕ t for each t > 0, and ϕ t is Λ ′ n -pinched along the mean curvature flow, where Λ ′ n is defined by (1.2). (iii) If Λ < Λ 1 for some Λ 1 ∈ (Λ, Λ 1 (n)] \ {∞}, where Λ 1 > 1 is a constant determined by Λ 1 and n (see Lemma 4.2), then the flow converges to a Lagrangian submanifold of M × M as t → ∞.
(iv) The flow converges to a totally geodesic Lagrangian submanifold of M × M and ϕ t converges smoothly to a biholomorphic isometry from M to M as t → ∞ provided additionally that (M, ω, J, g) and ( M ,ω,J,g) satisfy the condition (C). Consequently, the symplectomorphism ϕ : M → M is symplectically isotopic to a biholomorphic isometry.
In order to prove it we start with two simple lemmas. 
Proof. Since the only possible non-vanishing terms of the curvature components are of the form R ijkl and those obtained from the universal symmetries of the curvature tensor, it is not hard to prove that
Note that R rsrs = R srsr = R srsr . It follows from this and (5. 
Since R jilk = R ijkl we get 
along the mean curvature flow Σ t of the graph Σ of ϕ. Furthermore, if ϕ is Λ-pinched for some Λ ∈ (1, Λ 1 (n)), then the symplectomorphism ϕ t : M → M , whose graph is Σ t , is Λ ′ n -pinched and
along the mean curvature flow. In particular, min Σt * Ω is nondecreasing as a function in t.
Proof. By the condition (A), R ikik = R ikik ∀i, k. Hence the second term in the big bracket of (3.4) can be written as follows ( omitting | p in 
As there it follows from the boundedness of the curvature that
where K 1 is a nonnegative constant that depends on the dimensions of M and M .
. It follows that T = ln(
Hence we can continue this procedure and get
≥ 0 for all time t ≥ 0. From this we derive
, and
if 0 ≤ y(0) < − is bounded away from zero, we derive
where L =
, and L = − . Hence |II| 2 is uniformly bounded. Namely, we have proved that the flow converges to a Lagrangian submanifold at infinity provided that the flow exists for all the time. (Note: Different from the case of tori we cannot prove max Σt |II| 2 → 0 as t → ∞, and hence cannot assert that the limit submanifold is totally geodesic.)
The proof of Theorem 5.1(iv). The idea is similar to that of Theorem 1.1. In the present case we have the following (1 − λ 2 k ) 2 (1 + λ 2 k ) 2 .
(5.12)
Proof. Under the further assumption, by (5.5) we have .
This and Propositions 3.3 and 3.4 give (5.12). ✷ As in [22] , using this we may prove that λ i → 1 and max Σt |II| 2 → 0 as t → ∞, and hence that the flow converges to a totally geodesic Lagrangian submanifold of M × M as t → ∞ and that ϕ t converges smoothly to a biholomorphic isometry 
